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Abstract
Let χ
k¯
(n) be the number of colors required to color the n-dimensional
hypercube such that no two vertices with the same color are at a dis-
tance at most k. In other words, χ
k¯
(n) is the minimum number of
binary codes with minimum distance at least k+1 required to partition
the n-dimensional Hamming space. By giving an explicit coloring, it
is shown that χ2¯(8) = 13.
1 Introduction
For any pair u, v ∈ {0, 1}n, the Hamming distance between u and v, denoted
by dH(u, v), is the number of positions in which u and v differ. A binary
(n,M, d) code C is a subset of {0, 1}n for which |C| =M and the minimum
Hamming distance between any two distinct elements of C is d. The param-
eters n, M , and d are called the length, the size, and the minimum distance
of C, respectively.
The n-dimensional hypercube, also called the n-cube, denoted by Qn, is
the graph with vertex set V = {0, 1}n such that two vertices are adjacent if
and only if their Hamming distance is exactly 1. Given a graph G, the kth
power of G, denoted by Gk, is the graph obtained from G by adding edges
between all pairs of vertices that have distance at most k in G. In particular,
G2 is called the square of G.
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A proper vertex coloring of Qk
n
corresponds to a partition of {0, 1}n into
binary codes of minimum distance at least k + 1. The chromatic number of
Qk
n
is denoted by χk¯(n). The problem of finding bounds and exact values
for χk¯(n) arises from the problem of scalability of certain optical networks
and has attracted wide interest in coding theory and combinatorics; see for
example [1, 2, 3, 4, 5].
2 Determining χ2¯(8)
The size of a binary code of length 8 and minimum distance 3 is at most 20
[6]. Therefore, at least
⌈
2
8
20
⌉
= 13 colors are needed to color the square of the
8-cube. Colorings with 14 colors were first obtained by Hougardy in 1991 [3]
and Royle in 1993 [7, Section 9.7], but it has been an open problem whether
13 colors suffice.
We give a partition of {0, 1}8 into 13 codes of minimum distance at least
3 in Table 1, which shows that χ2¯(8) = 13. To save space, the elements of
{0, 1}8 are given as integers from 0 to 255. Twelve of the codes are (8, 20, 3)
codes and the remaining code is an (8, 16, 4) code.
The listed coloring is one of many colorings found with a computer-aided
approach. The computational techniques will be discussed in detail in a full
paper. It will further be checked whether these colorings can be used as
substructures to obtain colorings of the square of the 9-cube with 13 colors.
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96 109 100 103 95 107 104 91 88 89 93 86 120
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